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I. Introduction

This paper develops a model of the
labor force-employment process within
the framework of which the variability
which is expected to occur normally in
the number of labor force participants,
in the number of employed, in acces-
sions and in retirements is highlighted
and emphasized. The basic approach con-
sists of grafting a stochastic labor
force~employment process onto a stochas-
tic population process. The major im-
provements over previous work are the
following three:1 (1) the development of
results under more realistic assumptions
in regard to accessions and retirements
(2) the explicit incorporation of em~
ployment into the model albeit under
simplified assumptions (3) the provision
of an outline of a more realistic model
which includes multiple entries and
exits from the labor force and employ-
ment.

II. Notation

The notation and assumptions of the
model as well as the description of the
population-labor force-employment pro-
cess are presented below.

Let the time interval from point in
time t~1 to point in time t be t, so
that t represents either a time interval
or its end point. Generally, the symbol
t will represent a time interval when
flows are treated and the end point of
this interval when stocks are consid-
ered.

Let E, V, before parentheses repre-
sent the expectation and variance of the
variable in parentheses.

*
Portions of this presentation and re-
lated materials were presented in a
faculty seminar in Northwestern Univer-
sity Economics Department in spring 1967,
and at the U.S. Department of Labor,
Bureau of Labor Statistics in the summer
of 1967. Comments made in response to
these presentations were useful in pro-
viding a perspective in regard to the
relative importance of various phases of
this work. Support for some of the re-.
search embodied in this presentation was
provided by the U.S. Department of Labor,
Manpower Administration.

l'rhis presentation is made against the
b§ckground of a previous paper with
similar but more limited aims [1].
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" N¢ is an independent exogenous ran-
dom variable representing the number of
live births during interval t.

S is an endogenous random variable
representing the number of people alive
at a point in time t.

F is an endogenous random variable
representing the number of individuals
in the labor force at point in time t.

Dg is the possible span of life at
birth, for any individual. Dg is a dis-
crete variable representing intervals
(units) of time which can consist only
of integers which range between a mini-
mum of 1 (one) and a maximum of m. The
probability that Dg = i where i takes on
consecutively, values from 1 to m, is
Pai’ i.e., P(Dd=i)=Pdi, i=1...m.

d deaths is an endogenous random
variable representing the number of in-
dividuals who die Quring a time interval.

a represents live accessions to
the laﬁxr force during a time interval.
Lower case v represents life here and

henceforth. Within the context of this
model 3y is an endogenous random vari-
able.

P,1j is the probability that an in-
dividuai will join the labor force (be-
come an accession) i periods from birth.
e is the first possible number of time
intervals after birth at which and after
which accessions occur (say 14 years
after birth). The i in this case can
assume values from e to m=1l. Dg1 is the
random variable defined by e < 1 < m-1,
and by Pali'

riy represents live retirements
from tﬁe labor force during time inter-
vals. It is an endogenous variable de-

termined within the model.

Poy1i is the itional probabil-
ity that an individual will retire from
the labor force i periods after birth
given that he has already acceded to the
labor force.

Fy is an endogenous random variable
representing the number of live individ-
uals who are in the labor force at the
end of time intervals.

wiyF is an endogenous random vari~-
able representing the number of live
individuals in the labor force who are
becoming employed for the first time
during a time interval.



WiyF is an endogenous random vari-
able representing the number of live
people within the labor force who are
employed at the end of a time interval.

U is an endogenous random variable
representing the number of live people
within the labor force who are unemploy-
ed at the end of a time interval.

P,1i is the probability that an in-
dividual will become employed, i periods
from time of birth. It is assumed that
the first possible number of periods
(after birth) at which and after which
an individual may become employed is e,
the same number of time intervals after
birth at which first accession to the
labor force may occur (14 years after
birth). Thus i in this case can also
assume only discrete integer values be-
tween e and m-1l. Additionally, the
probability Pg1i, that an individual is
employed at t, is the cumulative prob-
ability of Pyjj. Dyli is the random
variable defined by possible values
e < i < w-1 and probabilities Pyjj-

The exogenous variables under con-
sideration are assumed serially and
mutually independent, with one excep-
tion. The conditional probabilities of
retirement at i are P, for members of
of the labor force at 1-1 and zero for
non-members at i-l. It is logically
impossible to retire from the labor
force without having entered first.
tirement from the labor force is thus
dependent on previous entry into it.

Re-

The exogenous variables in this
model are:

1. Births, N.

2. The life span distribution, Dg.

3. The distribution of accession
times, birth to accession

D_1q.

4. Theaéistribution of (first) em-
ployment times, birth to first
employment, Dy1e- .

5. The conditional probabilities of
retirements, Pg,ij-

A random birth process and a random
death process take place together to
form the population process. Each time
interval a random number drawn from N,
determines births. Next, N random draws
from the life span distribution, Dg, de-
termine the length of life i for each of
the N births. This process is viewed as
continuing repeatedly until process equi-
librium (steady state) is reached and be-
yond into a phase in which various stages
of the process occur continually through
time. Every period births, and deaths
from births in previous periods, occur.
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Every period individuals born and not
yet dead comprise the living population.
The labor force-employment process is
"grafted" onto the population process.
Every period accessions come into being
from birth cohorts which came into the
world 14 to 30 years or so before this
period. Every period individuals who
have joined the labor force in the past,
retire. Period after period individuals
are becoming employed for the first time.
Period after period individuals origin-
ating from preceding birth cohorts come
to the end of their life.

III. The Endogenous Variables:
Concrete Definitions

The life span random variable Dg
may be viewed as a succession of dicho-
tomous variables Xj;, applicable to a
succession of points in time at i periods
from birth, for each of which the two
possibilities for an individual at birth
are: l. dying i periods after birth, de-
fined identically as unity (one). 2. dy-
ing not after i periods, defined iden-
tically as zero. Clearly the probability
of unity is Pgj the probability of zero
(1‘Pgi)- Also, E(Xgi), V(Xg;), are sim-
ply P3j and Pg; (1-Pgj) respectively, as
is true for the binomial distribution.
This view becomes useful for the techni-
cal definition of, 4, deaths.

Deaths, d, is conceived as a sum of
the m terms below, each one of which be-
ing the number of individuals born i
periods before t and dying during t.

(1.1)
Ne-1 Ne-2
d = = X_..+ X, .
j=1 dlj j=1 azj
Nt—m
+ .. .+ 3 XKoo
j=1

Each term above is the sum of a
random number N of random draws from
xdi'

The technical definition of S, the
number of individuals alive at t, re-
quires a definition of a second bino-
mial variable, Y3;i whose parameter is
Qqi. where Qqj is the sum of the pre-
viously defined Pqj from P3; to Pgpy.
i.e.:

(1.2)
Q1 = Pa1*Pax*Past <+ *Pan
Q2 = PaatPast - *Pyp



= P .t eoe +P

Qa3 as dm

Qdm = Pdm

Ygi is a binomial variable whose
value of unity represents the state of
being alive after i-0' periods from time
of birth and whose value of 0 represents
the state of being dead after i-0' or
less where 0' is a number as close to
zero as is conceivable.

Q3j is the probability that an in-
dividuai will remain a live member of
the population, S, after i~0' periods
from the time it is born, while (1-Qgi)
is the probability that an individual
will no longer be in S, i-0' periods or
less from birth. Births are thereby
dichotomously divided into those who die
and leave the population after i-0' pe-
riods or less and those who still re-
main part of the population after i-0'.

The number of people in the popu-
lation can also be expressed as a sum of
terms each of which being a random num-
ber of random draws in the explicit way
below.

(1.3)
Ne-1 Ne-2
s = zZ Y... + 2 Y...
Nt—m
+ . L] L ] + Z Y K ]
j=l dmj

Each term is a sum of a randum num-
ber of births at ¢, t-l...t-m+l which
are randomly "still alives" at point in
time t.

Accessions, ajys is similarly con-
ceived to be a sum of terms originating
from birth cohorts before period t which
produce accessions in period t. For the
purpose of expressing ajy under this view
additional notation and discussion are
necessary.

xa%vi is a binomial variable whose
value of unity represents the state of
being alive and entering the labor force
i periods from time of birth and whose
value of zero represents not being in
this state. The probability of X,jyi
given previous assumptions, is Pz]1i

Qg (i+1) and the range of i is between e

and m-1l. Accessions, ajy. can thus be
viewed as the sequence of terms below:

(1.4)
Nt—e
v ~ jil xalvej
Ni-(e+1)
+ X .
=1 alv(etl)]

Nt-(m—l)
+ 2

j=1 xalv(m—l)j

Each term is a sum of randum number
Ni¢.j of random draws from xalvi.

Live retirements r,_, is also con-
ceived as a sum of terms which result
from past birth cohorts. X,;,; is de-
fined as a binomial variable whose value
of unity represents being alive, having
already acceded to the labor force, and
retiring. The probability P,jyji of
xrévi can be derived from some previous
and a few additional definitions. Define
P, 14 2s the conditional probability

that an individual retires at i periods
from birth, given that he has already ac-
ceded and not yet retired. Thus, the
probability that an individual acceded
and is retiring alive at i is for et+l:

(1.51)
Prlv(e+l) = Pcrl(e+l)PaleQd(e+2)
for et+2:
(1.52)
Prlv(e+2) = Pcrl(e+2)
I:Pale(]'-l’crl(e+1))
* P.1(e+1) 12 (e+2)
for e+3:
(1.53)
Prlv(e+3) = Pcrl(e+3)
[Pale(l-Pcrl(e+l))
(1—Pcrl(e+2))



)(1-9

+ Pal(e+1 crl(e+2))

+ Py (e+2) 19 (e+a)

for (m-1):

(1.5(m-1))
Priv(m-1) ~ Forl(m-1)
(2,1 1Py (ev)!
(1-P 11 (e+2)]

(l_Pcrl(m—2))°

+ Pal(e+1)(l—Pcrl(e+2))

(1P (et3)]

(l-Pcrl(m—z))

ol ® Pal(m-2)]Qdm°

The logic of the above expression is
straight-forward. The conditional prob-
ability of retiring (first term) is multi-
plied by the probability of having acceded
but not yet retired (terms in square pa-
renthesis) which in turn is multiplied by
the probability of being alive (last
term). The probability of having acceded
but not yet retired by i after birth is
essentially the cumulative probability of
having acceded by i less the probability
of having already retired by i.

With the help of the preceding re-
sults, rj,, live retirements, can be
written as:

(1.6)
t-e-1
r = 2 X .
1lv 5=1 rlv(e+l) j
Nt-e-2
+ 3 X .
j=1 rlv(e+2)j

Neom+1
+ b X e
j=1 rlv(m-1)j
And each term, again, is a random number
Nt—i of random draws from X,.jyj-

322

Given the previous results, the la-
bor force, F,, can be conceived also as
the sum of random sums of random vari-
ables where the number of terms in each
random sum is the random number of births
in t-1l. ZXpie is defined as a binomial
variable representing the state of being
in the labor force and alive i periods
after birth. The probability Pgp,; of
X : can be gleaned from previous results.
Belhg in the labor force means having en-
tered but not left the labor force and be-
ing alive. The probability of such an
event has already been provided partially
in expressions (l.5i) above. Delete from
each of these expressions the first term,
Por1ir @nd what re@ains is the.probabil—
ity Ppyj Oof Xpyjr 1.e., of having entered
the labor force, not having left it, and
being alive.

The labor force, F_ can be viewed as
a sum of random draws from a random vari-
able as were other endogenous variables.

(1.7)
Ni-e
F, = = X, .
v j=1 Fvej
Nt-(e+l)
* jzl Xpy(e+1)§

Nt-(m--l)

z Xpy (m-1)3°

j=1

+

And now we address ourselves to em-
ployment. We treat two aspects of em-
ployment, employment inflow and employ-
ment stock, i.e., the number of people
becoming employed each period and the
number of employed people outstanding at
a point in time. The former is repre-
sented by w;, the latter by W;. Two
assumptions are made in respect to em-
ployment: (1) employment is a state into
which ayn individual enters once (hence
the 1 in wj). (2) First entries into the
state of employment occur e periods after
birth at which entry into the labor force
is assumed to commence.

As has been indicated earlier, we
represent the probability of becoming
employed i periods from time of birth by
Pylie Consequently, P&%i. the probabil-
ity of b2ing employed at i, as a result
of entering the labor force at i or be-
fore i is the cumulative probability of



anew (becoming em=~

joining the employed
time) at i and at

ployed for the first

periods smaller than i.
Thus:
(1.81)
Pv::le = Pwle
(1.82)
Pv.wl(e+l) = Pue? Pwl(e+1)
(1.8(m-1))
Pv.vl(m-l) = Pute * Pul(e+1)
+oeee FP)e

The probability of the binomial var
iable whose value of unity stands for
newly joining the employed, being in the
labor force, and being alive, i periods
from birth, to which we shall refer as,
xglvF . is simply the product (P ;)
(Ppyi) . Thus the total number of tive
people 'inflowing' into state of being
employed within the labor force, w;, can
be expressed as follows:

(1.9)

Nt—e
Y1vrF jil xwlvFej
Ni-e-1
* jzl Xy1vF (e+1) 3
+ L ] L] L]
Nt--m+1
+ jil xwlvF(m—l)j N

Similarly, the probability of the
binomial variable whose value of unity
stands for having joined the employed,
being in the labor force, and being alive
i periods from birth, to which we shall
refer as ;+ is the product (P!,;)
(PFv ). Conseguently, the stock of tive
peopie who are in the labor force and
employed is expressed as:

(2.0)
Nt—e
Yivr jil xwlvFej
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Nt-e-l
+ 3

j=1 xleF(e+l)j

Neemt1
+ b

=1 XW1vF (m-1) 5.

Unemployment, U, is a by product of
preceding expressions. The variable, Xyj
represents the state of being, at i peri-
ods after birth, unemployed, in the labor
force and alive. Its probability is the
product of (1-Py1i) (PPyi) the term in the
first parenthesis of the product being
the probability of being unemployed by i,
the term in the second representing the
probability of being alive and in the
labor force.

U can then be expressed as:

(2.1)
t-e
U = b .
=1 er]
ut-e-l
+ b .
=1 xU(e+l)J

+
I ™M

xU(m—l)j .

IV. Some Results

The expectation and variance of the
endogenous variables treated in the pre-
ceding section have the same general
form. Hence, we shall provide the expec-
tation and variance of one variable,
death, d, and indicate that the other
results may be expressed similarly.

The expectation and variance of
deaths was derived in a previous paper
as follows [1,2]:

(2.2)

E(d) = E(N)

nMa
o



(2.3)
(a) V(N) 2 (p )2
v = .
i=1 di
m 2
+ E(N) - E(N) = (Pdi) .
i=1

The expectation and variance of the
other endogenous variables are similarly
derived. The difference being the sub-
stitution of the probabilities of the
respective variables for Pgyj.

V. Some Further Developments

The treatment of rj, and ajy, Pre-
sented earlier, points the way to a pos-
sible solution of some of the problems
connected with the construction of a log-
ical and probabilistic framework for the
phenomena of multiple entries and retire-
ments into and out of the labor force as
well as multiple entries into and exits
from the state of employment. It is use-
ful to note that accessions are assumed
here to occur concurrently with retire-
ments, (at least from e+l to (m-1) for
each cohort), an assumption which is not
usually made in traditional work in this
area. It may be also interesting to note
that retirements are expressed, for the
case of concurrent entry and retirement,
in such a way as to take account of the
fact that retirements in t-1 cannot re-
tire again in t. In the same spirit we
assume in further extensions of this

324

work that first entry, first retirement,
second entry, second retirement, etc.,
both into and out of the labor force and
into and out of employment, can occur
simultaneously. We then treat second
entry in relation to first retirement,
second retirmenet in relation to second
entry, etc., essentially, in the same
fashion as rjy, first retirement, was
treated in this work in relation to,
ajys first accession. This provides a
sensible framework for the evaluation of
the phenomena of multiple entries and
exits into and out of the labor force and
employment. Work in this direction has
been conducted and will be continued.

Adéitional work has been and is be-
ing carried out to investigate the serial
correlations and the cross and cross-
serial correlations of the endogenous ran-
dom variables, with the hope that it may
become useful in forecasting labor force,
employment, and their components.
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